We present a general unified approach for finding the coherent states of polynomially deformed algebras such as the quadratic and Higgs algebras, which are relevant for various multiphoton processes in quantum optics. We give a general procedure to map these deformed algebras to appropriate Lie algebras. This is used , for the non compact cases, to obtain the annihilation operator coherent states, by finding the canonical conjugates of these operators. Generalized coherent states, in the Perelomov sense also follow from this construction. This allows us to explicitly construct coherent states associated with various quantum optical systems.
Introduction
Till recently , in quantum optics, only linear Lie Algebras have been used to give mutiphoton coherent (including squeezed) states. However in other fields of physics, particularly string theories, both infinite dimensional algebras as well as non-linear "dynamical algebras" have been utilised for highly non-linear systems . Notable among these are the infinite dimensional Kac Moody and W Algebras and "q-algebras" and the finite dimesional Polynomial algebras such as the quadratic and "Higgs " algebras [1, 2] . The quadratic algebra was discovered by Sklyanin [3, 4] , in the context of statistical physics and field theory. The well-known Higgs algebra, a cubic algebra, was manifest in the study of the dynamical symmetries of the quantum oscillator and the Coulomb problem in a space of constant curvature [5, 6] . These algebras have now found a place in quantum optics with the observation that quantum optical Hamiltonians describing multiphoton processes have symmetries which can be described by polynomially deformed SU(1,1) and SU(2) algebras [8, 7] . In particular , as we shall see later, the trilinear boson Hamiltonian associated with various nonlinear processes in quantum optics, such as parametric amplification, frequency conversion, Raman and Brillouin scattering, and the interaction of two-level atoms with a single-mode radiation field, has the quadratically deformed SU(1,1) algebra as a dynamical symmetry. [9] . Similarly the symmetry algebra for the quadratic boson
The operators
2 ) commute with H, and form a quadratic algebra for m=1, n=2 with:
It can be brought to a more recognizable form after performing an invertible basis transformation :
Thus the quadratic algebra represents the larger dynamical symmetry group of the anisotropic Harmonic oscillator. For general multiphoton Hamiltonians:
we can define N 0 , N − , N + in an analogous way
and show that we get n-dimensional Polynomial algebras as symmetry algebras for these Hamiltonans.
Similarly n-photon Dicke Models with Hamiltonians of the form:
can be written as:
with
satisfying a polynomial Lie Algebra of order n.
3 Construction of Coherent States of Non-Linear Lie Algebras:Formalism.
Having seen that polynomially deformed Lie algebras occur in a large class of systems in quantum mechanics and quantum optics in particular, we now give the formalism for the construction of coherent states of these algebras. We do so by an "Inonu-Wigner" type for construction of finding canonical conjugate of the annihilation operator and find the eigenstate of the annihilation operator by acting the exponential of the conjugate operator on the vacuum. This approach is then extended to the deformed algebras in a straightforward way. In the next section we shall show how this fromalism can used to explicitly construct the coherent states for application to mutiphoton processes. First introduce our method by first considering SU(1,1) for which the generators satisfy the commutation relations
Thus for this case one finds, f (K 0 ) = −2K 0 and g(K 0 ) = −K 0 (K 0 + 1). The quadratic Casimir operator is given by
can be written in the form,K
Eq.(11) then yields,
making use of the Casimir operator relation given earlier, one can solve for F (C, K 0 ) in the form,
The constant, arbitrary, parameter α in F can be determined by demanding that Eq. (11) is valid in the entire Hilbert space. For the purpose of clarity, we illustrate this point, with the one oscillator realization of the SU (1, 1) generators. The ground states defined by 
and
we find that,
. Similarly, for the other case
leads to α = , respectively. These results match identically with the earlier known ones [13] , once we rewrite F as,
The unnormalized coherent state | β >, which is the annihilation operator eigenstate, i.e, K − | β >= β | β >, is given in the vacuum sector by
Analogous construction holds in the other sector, where α = 1 4 . These states, which provide a realization of the Cat states [17] , play a prominent role in quantum measurement theory. As has been noticed earlier [13] , [K − ,K + ] = 1, also yields,
¿From this, one can find the eigenstate ofK † + operator, in the form,
This CS, after proper normalization is the well-known Yuen state [18] . Our construction can be easily generalized to various other realizations of the SU (1, 1) algebra.
We now extend the above procedure to the quadratic algebra which is the relevant algebra in considering the coherent state of trilinear boson Hamiltonians [23] . A example of such an algebra is the following:
where the positive sign of 2N 0 indicates a polynomially deformed SU(2) and a negative sign indicates polynomially deformed SU (1, 1) . In this case,
Representation theory of the quadratic algebra has been studied in the literature [15] ; it shows a rich structure depending on the values of 'a'. In the non-compact case, i.e, for the values of 'a' such that the unitary irreducible representations (UIREP) are either bounded below or above, we can construct the canonical conjugateÑ
As can be easily seen, in the case of the finite dimensional UIREP,Ñ + is not well defined since 
where b = 1 corresponds to the SU (1, 1) and b = −1 gives the SU (2) algebra. Explicitly,
ǫ being an arbitrary constant. One can immediately construct CS in the Perelomov sense as U | v > i , where U = e ξN+−ξ * N− . For the compact case, the CS are analogous to the spin and atomic coherent states [19, 20] . The Cubic algebra, which is also popularly known as the Higgs algebra in the literature, manifested in the study of the degeneracy structure of eigenvalue problems in a curved space [6] . The generators satisfy,
where, f 2 (M 0 ) = 2cM 0 + 4hM
, and
Analysis of its representation theory yields a variety of UIREP's, both finite and infinite dimensional, depending on the values of the parameters c and h [21] . Physically, h represents the curvature of the manifold. In the non-compact case the canonical conjugate is given by,M
where,
As before, the annihilation operator eigenstate is given by
where, | p > i are the states annihilated by M − . Like the previous cases, the dual algebra yields another coherent state. This algebra can also be mapped in to SU (1, 1) and SU (2) algebras, as has been done for the quadratic case:
where, d = 1 and d = −1 correspond to the SU (1, 1) and SU (2) algebras respectively. Here,
σ being a constant. The coherent state in the Perelomov sense is then U | v > i , where, U = e φM+−φ * M− . We would like to point out that, earlier the generators of the deformed algebra have been written in terms of the undeformed ones [15] . However, in our approach the undeformed SU (1, 1) and SU (2) generators are constructed from the deformed generators [16] .
Explicit construction of the Coherent States for Physical Application.
We now construct the state explicitly for purposes of application. First we show that this method , indeed, gives us well known SU(1,1) Barut-Giradello (pair coherent) states for SU (1, 1) in the familair form [22] . The action on Hilbert Space of the generators is given in the original Barut Giradello representation by:
The Coherent state | α > is given by
where
substituting the values of F we get:
Which is precisely the well-known state of Barut and Giradello upto the normalization coefficient C. First we consider a quadratic algebra and then show the general explicit construction. For the quadratic case we take an illustrative algebra relevant to the trilinear boson cases described in section 2. A typical algebra satisfied by the generators is given :
where ǫ is a constant and various values of ǫ and suitable basis transformations gives the symmetry algebra of most trilinear Hamiltonians [23] [24] . The action of the operators on eigenfunctions of N 0 is given by:
Here
¿From our construction the CS therefore is:
Thus:
Constructiong the F ′ s from g(N 0 ) we get:
C is the normalization coefficient , which can be easily determined. We now give an outline of the method of explicit construction of coherent states for general multiphoton processes for which the generators satisfy the algebra [25] :
The action on eigenstates of N 0 is given by
Coherent state is given by
A discussion of coherent states is incomplete without showing that these states do gice a resolution of the identity and that they are over complete. From the resolution of the identity we have:
Within the polar decomposition ansatz dσ(α
with r = |α| and a yet unknown positive density σ which provides the measure. For the general case we have:
For the various cases the substitution of the explicit value of g(j) then reduces the expression on the R.H.S to a rational function of Gamma Functions and the measure σ can be found by an inverse Mellin transform. For example for the SU(1,1) g(j) = − 
where C is a numerical constant and from the inverse Mellin transform we get σ(r) = Cr −2φ+1 K 1 2 +φ (2r) For the quadratic case the R.H.S. becomes 
For the general case the measure will be a Meijer's G-function.
Conclusion
To conclude, we have found a general method for constructing the coherent states for various polynomially deformed algebras for quantum optical systems whose dynamics is governed by multilinear boson Hamiltonians. Since the method is algebraic and relies on the group structure of Lie algebras, the precise nature of the non-classical behaviour of these CS can be easily inferred from our construction. It will be of particular interest to see the the time development of the system and the physical role of the deformation parameters. Since many of these algebras
